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Abstract 

   Let ( , )G V E  be a graph with p  vertices and q edges. A graph G is said to admit 1qZ    multiplicative labeling 

if its vertices can be labeled by non negative integers such that induced edge labels obtained by the products of 

the labels of end vertices modulo 1q  are the positive numbers up to q. A graph admit such a labeling called 1qZ 

multiplicative graphs. In this paper we give certain graphs which admit 1qZ  multiplicative labeling and certain 

graphs not admit 1qZ  multiplicative labeling.  
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1. Introduction 

               By a graph we mean a finite, connected, simple undirected graph with. The vertex set and the edge set of 

the graph G are denoted by V(G) and E(G) respectively. For various graph theoretic notations and terminology we 

follow    F. Harrary [1]  

 

Definition 1.1  Let ( , )G V E  be a ( , )p q graph. The graph G  is said to be a 

1qZ  -multiplicative labeling if there exist a one-to-one function : ( )f V G N  

(where N is the set of all positive integers ) that induces a function *

1: ( ) {0}qf E G Z    of the edges of G  

defined by *( ) ( ) ( )mod( 1)f uv f u f v q  for every  ( )e uv E G  . The graph which admits such a labeling is 

called a 
1qZ 
-multiplicative graph. 

 

Example 1.2   
7Z -multiplicative graph.  

Define : ( )f V G N  by 

1 2 3 4 5 6( ) 4, ( ) 3, ( ) 2, ( ) 1, ( ) 5, ( ) 10.f v f v f v f v f v f v       

 

 

Now we discus about star graph. 

 

Theorem 1.3 : Let The star graph 1nK  is 1nZ  -multiplicative graphs. 

Proof   :   Let 0v  be the apex vertex and 1 2, ,..., nv v v  be the pendent vertices of the 

star graph  1nK  

define 0( ) 2f v n   

( )if v i            for  1,2,...,i n . 

  1 0 1 0 2 0( ) , ,...,n nE K v v v v v v . 
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For       1,2,...,i n  

 

                              
0( ) ( ) ( 2) mod( 1)if v f v n i n    

                                                mod( 1)i n   

                                                *

0( )if v v
 

 

We see that the induced edge labels obtained by the product of the labels of the 

vertices are the first n positive integers. 

Theorem 1.4 : The cycle 
3C  is not 

4Z -multiplicative graph. 

Proof   : Let 
1 2 3, ,v v v  be vertices of

3C . Define : ( )f V G N  by 

1 2 3( ) , ( ) , ( ) ,f v a f v b f v c   where  , ,a b c are distinct integers. 

Let   *

1 2( ) 2(mod 4)f v v   

that is   
1 2( ) ( ) 2(mod4)f v f v ab  . 

   or a b  must be even.   or ac bc   must be even. 

  * *

1 3 1 3 2 3 2 3( ) ( ) ( )  or  b ( ) ( ) ( )ac f v f v f v v c f v f v f v v     must be even. 

Then either * *

1 3 2 3( )  nor  f ( )f v v v v congruent to 1 or 3 modulo 4. 

Which contradict definition of *f . 

  
3C  is not

4Z -multiplicative graph. 

 

Theorem 1.5 : The cycle 4C  is  5Z -multiplicative graph. 

Proof   :   Define : ( )f V G N ,by 

1 2 3 4( ) 1, ( ) 6, ( ) 3, ( ) 4f v f v f v f v     

 

 
Theorem 1.6 : The cycle 5C  is not a  6Z -multiplicative graph. 

Proof   :   Let 1 2 3 4 5, , , ,v v v v v  be vertices of 5C . Define : ( )f V G N  by 

1 2 3 4 5( ) , ( ) , ( ) ,, ( ) , ( ) ,f v a f v b f v c f v d f v e     , where , , , ,a b c d e  are distinct 
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integers. 

Let *

1 2( ) 3(mod6)f v v   

that is 
1 2( ) ( ) 3(mod6)f v f v ab    

a or b must be a multiple of 3. Let it be a. 

Now, 

if a is even    0(mod6) 0mod6a ab     

if b is even  0mod6ab  )  

that is *

1 2 1 2( ) ( ) ( ) 0(mod6)f v v f v f v ab    . Which is not possible. 

 

Theorem 1.7 : Complete graph 
3K  is not 

4Z multiplicative . 

Proof   :  We know that 
3 3K C . 

Already proved that
3C  is not 

4Z multiplicative graph. 

Theorem 1.8 : For a Complete graph 
nK  with ( 1)p  edges where p  is a prime number then 

nK is not 1pZ  

multiplicative graph . 

Proof   :  Let 
1 2, ..., nv v v be vertices of  

nK . 

Consider iv , with *

1( ) 1mod( 1)i if v v p    

*

1 1( ) ( ) ( ) 1mod( 1)i i i if v f v f v v p     

This imply ( ) 1mod( 1)if v p   and 
1( ) 1mod( 1)if v p    or  

( ) 1mod( 1)if v p    & 1( ) 1mod( 1)if v p     

If  ( ) 1mod( 1)if v p   &
1( ) 1mod( 1)if v p    

Consider jv , , 1j i i   

*( ) ( ) ( ) ( )mod( 1)i j i j jf v v f v f v f v p    

*

1 1( ) ( ) ( ) ( )mod( 1)i j i j jf v v f v f v f v p    . 

Which is not possible 

If  ( ) 1mod( 1)if v p    & 1( ) 1mod( 1)if v p     

Consider jv , , 1j i i   

*( ) ( ) ( ) ( )mod( 1)i j i j jf v v f v f v f v p     
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*

1 1( ) ( ) ( ) ( )mod( 1)i j i j jf v v f v f v f v p      

Which is not possible.  There for no such labeling exist. 

Theorem 1.9 : For a Complete graph 
nK  with 2 1p  edges where p  is a prime number then 

nK is not 2p
Z 

multiplicative graph . 

Proof   :  Let 
1 2, ..., nv v v be vertices of  

nK . Define : ( )f V G N  by ( )i if v a  where 
ia are distinct integers , 

for every i . 

Since 
nK  is complete then the edge set ( ) {   ;    1 , ,  }i jE G v v i j n i j    . 

Assume 
nK

 
is 2p

Z multiplicative graph . 

Let *( )k jf v v p  

2( ) ( ) (mod )k jf v f v p p   

2(mod )k ja a p p   

Then either 
ka or ja is a multiple of p . 

Let it be 
ka . 

i ka a  Is a multiple of  p , for every 1 i n  .   

*( )i k i kf v v a a   is a multiple of  p , for every 1 i n  .   

*( )i kf v v  has the possibilities  ,2 ,..., ( 1)p p p p   

 there are 1p   possibilities . But there are 1n  edges , 

Then 1 1p n    must satisfy n p   

( 1) ( 1)n n p p                                                                                                                       (1) 

Since nK  has 
( 1)

2

n n 
  edges. 

2 2( 1)
1          ( 1) 2 2

2

n n
p n n p


        

(1) Imply        22 2 ( 1) ( 1)p n n p p      

2 2 2 2 0p p               2p   

2 0p   Is a contradiction . 

There for nK  is not 2p
Z multiplicative graph . 



                                     Vol.09 Issue-01, (January - June, 2017)       ISSN: 2394-9309 (E) / 0975-7139 (P) 
Aryabhatta Journal of Mathematics and Informatics (Impact Factor- 5.856) 

    Double-Blind Peer Reviewed Refereed Open Access International e-Journal - Included in the International Serial Directories 

Aryabhatta Journal of Mathematics and Informatics 
                                         http://www.ijmr.net.in email id- irjmss@gmail.com  Page 892 

 

Theorem 1.10 : For a Complete graph 
nK  with 1mp  edges where p  is a prime number and 1m    is any 

integer then 
nK is not mp

Z   multiplicative graph . 

Proof   : For  2m   the result is above theorem.  

Now assume 2m  . 

 Let 
1 2, ..., nv v v be vertices of  

nK . Define : ( )f V G N  by ( )i if v a  where 
ia are distinct integers , for every 

i . 

Since 
nK  is complete then the edge set ( ) {   ;    1 , ,  }i jE G v v i j n i j    . 

Assume 
nK

 
is mp

Z multiplicative graph . 

Let *( )k jf v v p  

( ) ( ) (mod )m

k jf v f v p p   

(mod )m

k ja a p p   

Then either 
ka or ja is a multiple of p . 

Let it be 
ka . 

i ka a  Is a multiple of  p , for every 1 i n  .   

*( )i k i kf v v a a   is a multiple of  p , for every 1 i n  .   

*( )i kf v v  has the possibilities  2 2 2 1 1,2 ,..., ( 1) , ,2 ,..., ( 1) ,..., ,..., ( 1)m mp p p p p p p p p p p      

 there are ( 1)( 1)n p   possibilities . But there are 1n  edges , 

Then ( 1)( 1) 1m p n     must satisfy . 

( 1) [( 1)( 1)][( 1)( 1) 1]n n m p m p         

imply 

2 2 2 2( 1) ( 2 1) ( 2 5 3) 3 2n n p m m p m m m m                                                      (2)                                                                                                   

Since nK  has 
( 1)

2

n n 
  edges. 

( 1)
1          ( 1) 2 2

2

m mn n
p n n p


        

(2) Imply        2 2 2 22 2 ( 1) ( 2 1) ( 2 5 3) 3 2mp n n p m m p m m m m              
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2 2 2 2  2 ( 2 1) (2 5 3) ( 3 4) 0mp p m m p m m m m                                  (3) 

Consider, 

2 2 2 2 2 ( 2 1) (2 5 3) ( 3 4)mp p m m p m m m m          

1 2 2 2  2 4( 2 1) 2(2 5 3) ( 3 4)m m m m m m m                     2p   

  1 2 1 2  2 6 2 ( 1) 3 7m mm m m m           

1 2  2 ( 1)m m   . 

Since m+1 22  1 3  2 ( 1)m m m        

m+1 2  2 ( 1) 0m     

Which imply 2 2 2 2  2 ( 2 1) (2 5 3) ( 3 4) 0mp p m m p m m m m            

 Contradiction to equation (3) . 

There for 
nK  is not mp

Z multiplicative graph . 

Example 1.11: Complete graph 
4K

 
are 

7Z multiplicative. 

Define : ( )f V G N  by 
1 2 3 4( ) 1, ( ) 2, ( ) 6, ( ) 4f v f v f v f v   

 

 

Example 1.12:  Wheel  
3W
 
are 

7Z multiplicative. 

Define : ( )f V G N  by 0 1 2 3( ) 1, ( ) 4, ( ) 2, ( ) 6f v f v f v f v   
 

 

Example 1.13:  Wheel  4W
 
is not 9Z multiplicative. 

Let 0v  be the central vertex and 1 2 3 4, , ,v v v v are vertices of cycle in  4W . 
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Define : ( )f V G N  by ( )i if v a , where 
ia are distinct integers , for every 0 4i  . 

Let  *

1 2( ) 3(mod9)f v v   

1 2( ) ( ) 3(mod9)f v f v   

1 2 3(mod9)a a   

Then  
1a  or 

2a  is a multiple of 3 . 

Let it be 
1a . 

1ia a  Is a multiple of  3. 

2 4,v v   are adjacent to 
1v  

2 1 4 1  and  a a a a  is a multiple of 3. 

* *

1 2 1 4( ) & ( )f v v f v v  are multiple of 3 

* *

1 2 1 4( ) 6(mod9) & ( ) 6(mod9)f v v f v v    

Which is a contradiction . So 
4W

 
is not 

9Z multiplicative. 

 

Example 1.14:  Wheel  
5W

 
are 

11Z multiplicative. 

Define : ( )f V G N  by 
0 1 2 3 4 5( ) 4, ( ) 10, ( ) 7, ( ) 6, ( ) 2, ( ) 8.f v f v f v f v f v f v     

 

 
 

Example 1.15:  Wheel  6W
 
are 13Z multiplicative. 

Define : ( )f V G N  by 0 1 2 3 4 5 6( ) 1, ( ) 7, ( ) 2, ( ) 12, ( ) 10, ( ) 6, ( ) 5.f v f v f v f v f v f v f v      
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Next consider about paths, 
 

Example 1.16:  The path 
nP is 

nZ multiplicative graph for 10n  . 

For  
2P , 

1 2( ) 1, ( ) 3f v f v   

 

For  
3P , 

1 2 3( ) 1, ( ) 4, ( ) 2f v f v f v    

 

For  4P , 1 2 3 4( ) 2, ( ) 1, ( ) 5, ( ) 3f v f v f v f v     

 

For  5P , 1 2 3 4 5( ) 2, ( ) 1, ( ) 6, ( ) 4, ( ) 7f v f v f v f v f v      

 

For  6P , 1 2 3 4 5 6( ) 4, ( ) 2, ( ) 5, ( ) 1, ( ) 7, ( ) 3f v f v f v f v f v f v       
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For  
7P , 

1 2 3 4 5 6 7( ) 1, ( ) 8, ( ) 3, ( ) 4, ( ) 5, ( ) 6, ( ) 10f v f v f v f v f v f v f v        

 

For  
8P , 

1 2 3 4 5 6 7 8( ) 1, ( ) 9, ( ) 2, ( ) 6, ( ) 5, ( ) 7, ( ) 3, ( ) 13f v f v f v f v f v f v f v f v         

 

For  
9P , 

1 2 3 4 5 6 7 8 9( ) 1, ( ) 10, ( ) 2, ( ) 11, ( ) 8, ( ) 3, ( ) 7, ( ) 5, ( ) 19f v f v f v f v f v f v f v f v f v          

 

For  
10P , 

1 2 3 4 5 6 7 8 9 10( ) 1, ( ) 11, ( ) 2, ( ) 7, ( ) 4, ( ) 9, ( ) 3, ( ) 13, ( ) 21, ( ) 5f v f v f v f v f v f v f v f v f v f v           

 

Problem 1.17 The path 
nP is 

nZ multiplicative graph for all n. 
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