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Abstract: 

Hybrid method for photoelasticity is here introduced and used to study on the fracture problems of 

central cracked cruciform specimens with or without slots in its arms under equal biaxial tensile 

loading. And actual isochromatics, stress components and stress intensity factors in the vicinity of 

crack tip with the two type biaxial loading specimen were compared. From the results, we 

recognized that the specimen with slots in the arms is more effective to make equal biaxial stress 

state than the specimen without slot, and found that the distribution shape of stress components in 

the vicinity of crack-tip are similar to each other, but the magnitude of stress components and 

stress intensity factors in the specimen without slot are higher than those in the specimen with slots 

in the arms.  

Keywords: Biaxial Tensile Loading, Cruciform Specimen, Hybrid Method for Photoelasticity, Mixed 

Mode Crack, Stress Fields, Stress Intensity Factors. 

 

Introduction 

Almost structural and machine components are under rarely uniaxial loading, but biaxial or 

multiaxial loading. Therefore, it is important to study and evaluate biaxial effects in order to 

improve prediction capability of crack propagation for design more realistic structure and machine 

parts. According to the previous works, the solutions using purely elastic formulations for fracture 

problems involving crack were not theoretically affected by the lateral stress component (Miler and 

Kfouri, 1974), but, in actual, biaxial stresses affect the behaviors such as the direction of crack 

propagation (Jones and Eftis, 1981) and the fatigue crack growth rate (Yu et al.,2002). Therefore, 

the experimental studies on the fracture behaviors under various biaxial loading conditions must be 

carried out because these conditions are more actual stress state rather than uniaxial loading 

condition. 

For studies on the biaxial loading, Swanson et al. (1986, 1992) found that there is little 

interaction between longitudinal loading and transverse loading in tubular specimens when matrix-

dominated modes are restrained. Lim et al. (2001) theoretically studied the biaxial load effects on 

crack extension in anisotropic solids using the maximum circumferential tensile stress criterion. 

Shimamoto et al. (2000) calculated the stress intensity factors in central cracked cruciform 

specimens of elastic and anisotropic material under various biaxial load ratios by the photoelastic 

and caustic experimental methods. Liu et al. (1979) suggested the criteria for designing 

configuration of biaxial loading specimen. And then, in this study, we designed a biaxial loading 

specimen based on the Liu’s criteria as shown in figure 1 (b), and verified its validity using by 

finite element analyses and photoelastic experiments.  

In order to analyses the photoelastic experiment results, the hybrid method for photoelasticity 

was used in this research. The hybrid method for photoelasticity was firstly introduced by Hawong 

et al. (1995), and Shin et al. (1998, 2001, 2016) widely used to study on the stress fields and stress 

intensity factors (SIFs) near the crack-tip in elastic materials and orthotropic materials. However, 
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there were little research for studying influences of equal biaxial tensile loads on the isochromatic 

fringes, stress fields and stress intensity factors near the crack tip using the hybrid method for 

photoelasticity.  

Thus, this work will be carried out a study of these phenomena using the hybrid method for 

photoelasticity. In other words, this research is focusing on verifying the superiority of our new 

designed specimen with slots comparison with the conventional specimen without slots by using 

finite element analysis, photoelastic experiments and hybrid method for photoelasticity. 

 

Stress Fields Near Crack-tip and Hybrid Method for Photoelasticity 
Stress components of plane problem in the isotropic material can be expressed by the power 

series as follows (Shin et al., 1998)  

 

  

  

 ),()(),(Im

),()(),(),(Re

),()(),(),(Re

znfCzngC

znfCzngznfC

znfCzngznfC

n
n

n

N

n
xy

n
n

n

N

n
y

n
n

n

N

n
x

1

12

12

1

1

1

























        (1) 

where 
2

2
1

2

2
1

222





















nn

zz
nn

z
n

zngz
n

znf ),(,),( , iyxz     

 

For applying to photoelastic experiment, substituting equation (1) into the stress optic law 

(Sampson, 1970) gives 

 

   

   

   
2

11

2

11

22

2

22

22

2



































 









),(),(Re),(),(Im

),(),(Im),(),(Re

zngznfbznfznga

zngznfbzngznfa

t

Nf

cc

N

n
ncc

N

n
n

cc

N

n
ncc

N

n
n

xyyx
f



 (2) 

            

where  ),(),(,),()(),( zngzngznfznf c
n

c  1     

 

Here f is stress fringe value of specimen, t  is the thickness of specimen, z  is the position from 

the crack-tip, and fN  is the isochromatic fringe order at the position z . Therefore, the complex 

coefficients n n nC a ib   are only unknown quantities in equation (2). na  and nb  can be calculated 

by the nonlinear least squares method for the photoelastic experiment (Shin et al., 1998, 2001). 

And then, the stress components near the crack-tip can be obtained by substituting the calculated 

nC  into equation (1). This process is well known as the hybrid method for photoelasticity for 

fracture problem of the linear elastic isotropic material. 

The relationships between the stress intensity factors and the complex coefficients nC  are given 

in equation (3) (Shin et al., 1998) 
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0 0 1 1, 2 , 2I IIK a K a K b              (3)  

where 0  is far-field stress applied to the specimen, a  is half of the crack length and  1 1 1C a ib   

is the complex coefficient when n=1 at the Eq. (2). 

 

Experiment and Experimental Method 

Specimen Configuration and photoelastic experiment system 

Liu et al. (1979) suggested the criteria for designing a biaxial specimen configuration, the 

criterial are mainly as follows: 

1) The size of the specimen should be large enough to minimize boundary effects on crack tip 

stress intensity factor; but it should not be too large, so that the required load levels can be 

kept within the capacity of the testing machine. 

2) The stress distribution across the specimen width should be fairly uniform 

  So, we prepared a new improved biaxial specimen with slots in their arms as shown in figure 1 

(b). Figure 1 (a) is conventional specimen which is widely used in the biaxial loading test so far. 

As shown in figure 1, the shapes and dimensions of the specimens without slots and with slots can 

be observed, and the coordinate system (X,Y) and (x,y) are taken as shown in the figures. The two 

type specimens have equally overall length of 300 mm including grip areas at each end of the 

loading arms. 

The photoelastic specimens were poly-carbonate plate (PS1S, Measurements Group, Inc) which 

is an isotropic material, and its physical properties are that f=6.993 kN/m, Young’s modulus E=2.5 

GPa and Poisson’s ratio   0.38. Height and width of all specimen are 300 mm, but the thickness 

(t) and width of specimen arms (w) of two type specimens are different each other, that is, t=3 mm 

and w= 140 mm in case of specimen with slots and , t=6 mm and w= 60 mm in case of specimen 

without slots. A central crack with an inclined angle,  =0
o 
and 45

o
 was machined to 28 mm length 

by the long end mill of the 0.8mm diameter, and then the crack-tip was manufactured by a razor 

edge of 0.08mm thickness to sharpen natural crack more to 1mm in both sides of the crack-tip until 

the total length of crack (2a) is 30 mm.  

For this research, the photoelastic experimental system with hydraulic type biaxial loading 

device was used as shown in figure 2. The device can control various biaxial load ratios between 

X-Y axes under biaxial loading condition since the two axes are independent each other. The 

photographs of isochromatic fringe pattern had been taken by CCD camera system (FASTCAM-

Net 500C/1000C/ Max: PHOTRON). 
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Figure 1. Dimensions of cruciform specimens (Unit: mm) 

 

(a) Specimen without slot             (b) Specimen with slots 
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Figure 2. Photoelastic experiment system with biaxial loading device 

 

 
 

Experimetal results and discussion 

In order to verifying of two specimens, finite element analyses for rectangular plates with central 

crack under the uniform biaxial stress state ( /X Y   =1)were performed, and then the 

isochromatic fringe patterns were regenerated from the result data obtained by the finite element 

analyses as shown in figure 3. In finite element analyses, the two-dimensional isoparametric 

element with eight nodes was used, and sufficiently fine mesh was employed to generate the 

isochromatic fringe patterns obtained from the stress components around crack tip.  
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Figure 3.  Isochromatics of idealized square specimen under the equal biaxial  

  stress ( =1) loading obtained from finite element analysis 

 

(a) (  =0°,  =1)             (b) (  =45°,  =1) 

     
 

Figure 4. Actual isochromatics in the cruciform specimens under equal biaxial loading (  =1) 

 

Specimens without slot in the arms           Specimens with slots in the arms  

(a)  =0°         (b)  =45°  (c)  =0°       (d)  =45° 

     
 

For comparing two specimens, photoelastic experiments also were carried out by using the 

developed biaxial loading device and the results are represented in figure 4. The biaxial tensile 

loads ( XP  and YP ) of 400 kgf were applied to the improved specimen with slots, and 300kgf to the 

conventional specimen without slot in both (X and Y) directions, that is, biaxial load ratios (
/X YP P  ) are 1. It should note that the (X, Y) is a Cartesian coordinate system in which the X -axis 

is parallel to the direction of the horizontal arms of the biaxial specimen and the origin is the 

central point of specimen, but the (x, y) is a coordinate system where the x-axis coincides with the 

line of crack and the origin is the crack tip, as shown in figure 1. 

 As is seen in figure 4, the isochromatic fringe patterns of both specimens very near crack are 

similar to each other and also similar to those of figure. 3, thus both specimens were verified as the 

biaxial tensile loading specimen. However the isochromatics at distance from crack are very 

difference between two type specimens, and the isochromatics far from crack in both specimens 

are contrary to each other, that is, the isochromatics of horizontal crack (45
o
 inclined 

 

 

 
 

 

 
 

 



International Journal in Physical and Applied Sciences 
Volume 06 Issue 12, December 2019 ISSN: 2394-5710 Impact Factor: 4.657 
Journal Homepage: http://ijmr.net.in, Email: irjmss@gmail.com                             
Double-Blind Peer Reviewed Refereed Open Access International Journal  

  

6 International Journal in Physical and Applied Sciences 
http://ijmr.net.in, Email: irjmss@gmail.com 

 

Figure 5. Actual and regenerated isochromatics for biaxial loading specimen without slot  

(a)  =0°            (b)  =45° 

                         
 

Figure 6. Contour plots of normalized stress components in the vicinity of the crack-tip  

      of biaxial loading specimen without slot under equal biaxial loading ( =1) 

   0 /x              0 /y           0 /xy  

(a)  =0°  

   
(b)  =45° 

    
crack) of the specimen without slot in the arms are similar to those of 45

o
 inclined crack (horizontal 

crack) of specimen with slots. Form comparing figure 3 with figure 4, it can be also found that 

those of improved specimen with slots is more similar to those of idealized specimens in the figure 

3, and observed that the gradient of isochromatics in the outer boundary region in figure 4 (c) and 

(d) are less intense than those of figure 4 (a) and (b). Therefore, the specimen with slots is more 

effective to make biaxial stress uniform than without slot.  

Figures 5 and 7 show that the actual isochromatics (ones in the rectangular boxes “□” in the 

figures 4(a)~(d)) and the regenerated ones calculated from the obtained stress components through 

the hybrid method for photoelasticity when the biaxial tensile load (  =1) were applied to the two 

type biaxial specimens with a central crack of inclined angle,  =0
o
 and 45

o 
.  
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Figure 7. Actual and regenerated isochromatics for biaxial loading specimen with slots  

(a)  =0°            (b)  =45° 

 

                          
 

 

Figure 8. Contour plots of normalized stress components in the vicinity of the crack-tip  

      of biaxial loading specimen with slots under equal biaxial loading ( =1) 

0 /x           0 /y          0 /xy  

(a)  =0° 

   
 

(b)  =45° 

 
 

The isochromatic fringe data were measured on the center of each fringe band which are x.0 

(black) or x.5 (white) fringe orders and marked by “+”. As shown in figures 5 and 7, the 

regenerated isochromatic fringes are almost identical to the actual ones and “+” marks are located 

at the center of isochromatic bands. Thus, it can be verified that the hybrid method for 

photoelasticity used in this research is effective. 

Figures 6 and 8 show contours of the normalized stress components ( 0 /x , 0 /y  and 0 /xy ) 

in the vicinity of the crack tip obtained by using the coefficients determined from the hybrid 

method for photoelasticity in the figures 5 and 7, respectively. All stress components were 
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normalized by the applied far-field stress ( )/( twPY 0 ), and the contour lines have been increased 

by 0.1 steps. It should be noted that the X-axis is parallel to the horizontal line and the crack tip is 

the origin in the Cartesian coordinate system (X, Y) as is mentioned above, and all stress 

components were calculated with respect to the Cartesian coordinate system (x, y). In the figures 6 

and 8, it can be seen that the values of y  and xy  on the crack surface are zero, and thus the 

traction free condition on the crack surface is satisfied. Comparing with the shapes and orders of 

contour lines of stress components in the figures 6 and 8, it can be found that, regardless of the 

inclined angle of crack, the distributions of all stresses are symmetric about the line of crack (that 

is in the Mode I condition) and the distribution shapes are very similar to each case. And the shapes 

and orders of contour lines of stress components in case of  =45
o
 are also very similar and equal 

to those in case of  =0
 o

, irrespective to the existence of slots. But the magnitudes of all the 

normalized stress components near the crack-tip in the specimen without slot are only higher than 

those in the specimen with slots.  

Figure 9 represents the normalized stress intensity factors (SIF’s) for each case of figures 6 

and 8. The SIF’s were calculated by using equation (3) and the complex coefficients obtained from 

the hybrid method for photoelasticity, and normalized by 0K (= a 0 ). As shown in figure 9, the 

values of 0KK II /  are almost zero that means the all cases are Mode I condition under the biaxial 

loading when the inclined angle of crack  =0
 o 

and 45
o
, and the values of 0KK I /  are a little 

decreased as the inclined angle of crack increases. In addition, the values of 0KK I /  in the 

specimens without slot are all higher than those in the specimen with slots in the loading arms, 

these are similar to the magnitude of stress components at the crack-tip.   

 

Figure 6. Normalized stress intensity factors with the inclined angle of crack 
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Conclusions 

 

The following conclusions were obtained through the study on the influences of the shape of 

biaxial central cracked specimen (that is, the existence of slots in the arms) on the variation of 

isochromatics, stress fields and stress intensity factors in the vicinity of crack tip under the equal 

biaxial tensile loading.  
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1. Validity of the hybrid method for photoelasticity used for the biaxial tensile loading test 

was verified in this research. 

2. As the equal biaxial load is subjected to the specimen with/without slots, regardless of the 

inclined angle of crack, the isochromatic fringe loops were symmetric about the line of crack, i.e. 

mode I condition.  

3. Comparing with idealized equal biaxial stress state, the isochromatic fringe patterns 

in the specimen with slots in the arms are more similar to ones in the idealized specimen than 

ones in the specimen without slot. That means the specimen with slots is more effective to make 

biaxial stress uniform than the specimen without slot. 

4. Regardless of the inclined angle of crack, the distributions of all stresses are symmetric 

about the line of crack and the distribution shapes are very similar to each case. But the 

magnitudes of all the normalized stress components near the crack-tip in the specimen without 

slot are only higher than those in the specimen with slots. 

5. Irrespective to the existence of slots, the shapes and orders of contour lines of stress 

components in case of  =45
o
 are also very similar and equal to those in case of  =0

 o
. 

6. The values of 0KK II /  in two specimen with/without slots are almost zero under equal 

biaxial loading when the inclined angle of crack  =0
 o 

and 45
o
, this means the all cases are 

Mode I condition. In addition, the values of 0KK I /  in the specimens without slot are all higher 

than those in the specimen with slots in the loading arms 
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