International Journal in Physical and Applied Sciences =) :
Volume 9 lIssue 4, April 2022 ISSN: 2394-5710 Impact Factor: 6.915 ongiond®

Journal Homepage: http://ijmr.net.in, Email: irjmss@gmail.com
Double-Blind Peer Reviewed Refereed Open Access International Journal

Hydromagnetic Stability of Two Superposed Fluids through Porous Media

Dr. Ravi Prakash Mathur
Department of Mathematics
S.G.S.G. Government College, Nasirabad (INDIA)

Abstract

This paper presents a theoretical investigation on the hydromagnetic stability of two superposed
viscous, incompressible, electrically conducting fluids separated by a horizontal interface in a
porous medium under the influence of a uniform vertical magnetic field. The stability of the
configuration is analyzed for perturbations normal to the interface. The governing equations are
derived using the Boussinesq approximation, Darcy’s law modified for magnetic effects, and linear
perturbation theory. A dispersion relation is obtained that determines the growth rate of
disturbances in terms of the magnetic field strength, density difference, permeability of the porous
medium, and viscosity contrast between the two layers.

The results indicate that the magnetic field has a stabilizing influence on the interface by opposing
motion through the Lorentz force. Increasing the permeability of the porous medium reduces the
stabilizing effect because the resistance to motion decreases. When the lower fluid is heavier than
the upper one, the configuration becomes unstable (Rayleigh—Taylor instability), but the critical
wavenumber for onset of instability increases in the presence of a magnetic field. These findings
are relevant to astrophysical and geophysical flows, petroleum recovery, and filtration processes
involving magnetized porous structures.

Keywords: hydromagnetic stability, porous media, two-fluid interface, Rayleigh-Taylor
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1. Introduction

The study of interface stability between two immiscible fluids is a fundamental problem in fluid
dynamics and has applications in astrophysics, petroleum engineering, and materials processing.
A classical example is the Rayleigh-Taylor instability, given by Lord Rayleigh (1883) and
Taylor (1950), which occurs when a heavier fluid lies above a lighter one in a gravitational field.
Under such conditions, small perturbations at the interface can grow, causing interpenetration of
the two fluids.

The presence of a magnetic field can significantly alter the stability characteristics of the system.
In electrically conducting fluids, the Lorentz force arising from induced currents provides an
additional restoring mechanism that can suppress disturbances. This phenomenon, known as
hydromagnetic stabilization, which have attracted considerable attention due to their relevance
in astrophysical, geophysical, and engineering contexts (Chandrasekhar, 1961).

In many astrophysical phenomena such as solar flares, interstellar clouds, and accretion disks, as
well as in laboratory plasma confinement and metallurgical processes, magnetic fields play a
stabilizing or destabilizing role depending on the orientation and strength of the field. The presence
of a magnetic field introduces magnetic pressure and tension, which can suppress or modify the
growth rate of interfacial disturbances. Several classical studies, including those by Chandrasekhar
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(1961), Hide (1955), and Kruskal & Schwarzschild (1954), have explored the stabilizing influence
of a uniform magnetic field on the Rayleigh—Taylor instability.

Subsequent investigations have extended the basic problem to include the effects of viscosity,
surface tension, finite conductivity, rotation, and porous boundaries (Drazin & Reid, (1981);
Sharma & Bhardwaj, (2004); Bhatia & Steiner(1972); Sharma et al.(2010)). These studies revealed
that dissipative effects and boundary conditions significantly influence the critical conditions for
the onset of instability. More recent works (Gupta & Sharma, (2015); Singh & Rana, 2020) have
examined magnetized multi-fluid systems and complex rheological behaviors, highlighting the
importance of MHD stability analysis in modern plasma and fluid mechanics research.

In practical systems such as oil reservoirs, molten metals in porous molds, and geophysical
formations, the flow often occurs through a porous medium. The porous matrix introduces a drag
that resists motion, which can either stabilize or destabilize the system depending on permeability
and fluid properties. Flow through a porous structure is governed by Darcy’s or Brinkman’s law,
depending on the permeability of the medium, which provides an effective drag on the motion of
the fluids. The permeability parameter plays a crucial role in determining the critical conditions
for the onset of instability. In general, an increase in porosity tends to enhance fluid mobility,
whereas a reduction in permeability suppresses the growth rate of disturbances, leading to
stabilization (Nield & Bejan, (2006); Shivakumara et al., (2009); Bhadauria et al., (2012)). The
study of hydromagnetic stability in porous media is therefore important for applications in
geothermal reservoirs, petroleum recovery, filtration processes, and the design of magnetized
composite materials.

The present analysis combines these three effects—two-fluid interface, magnetic field, and porous
medium—to examine the hydromagnetic stability of two superposed fluids separated by a
horizontal boundary. The problem extends classical Rayleigh—Taylor analysis to include magnetic
and porous effects simultaneously.

2. Physical Configuration
Consider two incompressible, viscous, electrically conducting fluids occupying the regions:
e Region 1: upper fluid, 0 < z < oo, density p1, viscosity pu,

e Region 2: lower fluid, —o0 <z < 0, density p2, viscosity L.

The fluids are separated by a horizontal interface at z = 0. A uniform vertical magnetic field Bo =
(0, 0, Bo) is imposed along the z-direction, and gravity acts downward as g = (0, 0, —g). Both
regions are assumed to be saturated in an isotropic, homogeneous porous medium of permeability
K.

The system is in equilibrium under hydrostatic pressure, and small perturbations are introduced at
the interface. The interface displacement is represented as {(x, y, t).
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3. Governing Equations

The motion of each fluid in a porous medium under a magnetic field is given as
p(ovict)==-Vp+pg+uVv—(wWK)v+ (1/m)(VxB)xB. (1)

The induction equation under low magnetic Reynolds number approximation (neglecting induced
field gradients) is:

ob/ot = Vx(vxBo) + 1 Vb. .(2)
The continuity equation for incompressible flow is:

V.v=0. ..(3)
and the solenoidal condition for magnetic field:

V:-b=0. .(4)

4. Linearized Perturbation Equations

We consider small perturbations about the basic state:

v=vVv'(X,y,2,1), p=pot+p(XVy,zt), B=Botb'(XYy,zt).

Neglecting nonlinear terms, substituting in equations (1)—(4), and taking the z-component of the
curl to eliminate pressure, we obtain for each region:

pi (Pwi/ot? ) = wi V2 (owi/ot ) — ( w/K )( owi/ot ) + (Bo*/po) VZ wi ..(5)

where wi(X, y, z, t) is the vertical velocity component in fluid region i =1, 2.

Assuming normal-mode perturbations of the form:

Wi(Z, t) =W.e (ikXx+ikyy+nt)

we obtain the ordinary differential equation:

(D2-k2)PWi—a2(D*-k2)W;=0 ...(6)
where D = d/dz, k = V(k? + ky 2), and
0> = ((pin K)/pi) + (Bo®> K/ (o i) ). «(7)

The boundary conditions require that the perturbations vanish at z — +oo, so solutions take the
form:
Wi =A, e{_kZ}, z>0; Wa=A; e{kZ}, z<0.

5. Interfacial Boundary Conditions
At z = 0, the following interface conditions apply:
1. Continuity of normal velocity: w: = w2 = o(/ot.

2. Continuity of stress: (p1 — 2 0w1/0z ) = (p2 — 212 OW2/0z ) + ( Bo?> / o )( b _z/ 0z).
3. Continuity of magnetic field: bi{z} =b2{z}, bi{t} = b{t}.

Eliminating pressure and magnetic terms, and substituting from equation (6), we derive the
dispersion relation for interface perturbations:

=gk (Ap/p m)—(Bo?k?/(popm))—(vmkz/K), ..(8)

where Ap=p2—p1, pm=(p:1 +p2)/2, and vm isthe mean kinematic viscosity.
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6. Stability Criterion
Equation (8) shows that the growth rate n2 depends on the competition between three terms:
1. Gravitational destabilization: gk ( Ap/ pm),

2. Magnetic stabilization:—( Bo*> k? / po pm ),
3. Porous damping:—( vm k?/ K).

The configuration is unstable if n2> 0 and stable if n2< 0. The critical wavenumber k¢ for marginal
stability (n = 0) is obtained by setting equation (8) to zero:
Ke=(gAp K/ (pm (B2 K/ po+vm)) )2 ..(9)
From (9), we note:
e Increasing Bo (stronger magnetic field) increases the denominator, thus decreasing ke —
stabilization.

e Increasing K (more permeable medium) increases ke — weaker damping, reducing
stability.

e Larger Ap (heavier lower fluid) enhances instability.

7. Discussion

7.1 Effect of magnetic field

The stabilizing role of magnetic field is evident from the negative term in equation (8). The Lorentz
force acts as an effective surface tension, suppressing deformation of the interface. As Bo increases,
the range of unstable wavelengths narrows, and for sufficiently strong fields, all perturbations are
damped.

For weak magnetic fields (Ha « 1), the stabilization is modest; for strong fields (Ha > 1),
convection and interface motion are nearly frozen, as observed in magnetically confined plasmas
and conducting melts.

7.2 Effect of porous medium

The Darcy drag term ( vm k? / K') acts as an additional damping force proportional to the inverse
of permeability K. For low-permeability media (small K), fluid motion is strongly resisted, and
disturbances decay rapidly. For high K, resistance is weak, and the system behaves almost like a
free-fluid interface.

Thus, porous damping enhances stability, but at the same time reduces the influence of the
magnetic field when permeability is large, since less fluid volume interacts with the field lines
effectively.

7.3 Role of viscosity contrast

If W # pe, interfacial stress continuity produces asymmetric deformation. A larger viscosity
contrast increases the damping on the more viscous side, shifting the neutral stability curve. The
overall trend remains—magnetic field stabilizes, density contrast destabilizes—but the rate of
growth changes depending on viscosity ratio.
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7.4 Limiting cases
1. No magnetic field (Bo = 0):
Equation (8) reduces to the classical Rayleigh—Taylor instability in porous media:
=gk (Ap/pm)—(vmk?/K).
The system is unstable for small k (long wavelengths).

2. No porous medium (K — o0):
The standard hydromagnetic result is recovered:
=gk (Ap/pm)—(Be*k?/ o pm).

3. Equal densities (Ap = 0):
No gravitational instability; the system is always stable.

8. Applications

8.1 Geophysical flows

In geophysics, magnetized layers of conducting fluid—such as molten iron and silicate melts—
may exist within porous rock matrices. The analysis helps understand the suppression of interface
waves and magnetic damping in Earth’s outer core or magma chambers.

8.2 Petroleum recovery

In secondary oil recovery, magnetic fields are sometimes applied to influence the motion of
conducting fluids in porous strata. Controlling interfacial stability between injected and resident
fluids can enhance displacement efficiency and reduce fingering.

8.3 Metallurgical processes
Molten metals in porous molds exhibit interfacial instabilities that can lead to defects. Applying
magnetic fields stabilizes the interface, ensuring smoother solidification fronts.

9. Conclusion
A theoretical analysis has been conducted for the hydromagnetic stability of two superposed
viscous, electrically conducting fluids through a porous medium under a uniform vertical magnetic
field. The principal conclusions are:

1. The presence of a magnetic field stabilizes the interface by exerting a Lorentz force

opposing motion.

2. The porous medium introduces Darcy resistance that further dampens perturbations, with
the degree of stabilization depending on permeability.

3. The growth rate of disturbances decreases with increasing magnetic field strength and
decreasing permeability.

4. The system becomes unstable when the heavier fluid overlies the lighter one, but the
magnetic field raises the critical wavelength for instability onset.
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5. Inthe limit of strong magnetic field or low permeability, the interface becomes completely
stable.

These results generalize the classical Rayleigh—Taylor instability to porous magnetohydrodynamic
systems and provide a basis for interpreting stability behavior in natural and industrial settings
involving layered conducting fluids.
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