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Abstract 

Free surface flows and capillary phenomena are important topics in fluid mechanics that describe the 

behavior of liquids when the surface is exposed to another fluid, usually air. These flows are commonly 

observed in oceans, rivers, droplets, microfluidic devices, and biological systems. The motion of a free 

surface is influenced by gravity, pressure differences, viscosity, and surface tension forces. Capillary 

phenomena arise mainly due to surface tension, which dominates fluid behavior at small length scales. 

Understanding the mathematical principles behind these phenomena helps engineers and scientists design 

efficient hydraulic systems, predict wave motion, and develop technologies such as inkjet printing and 

microfluidic devices. This paper discusses the fundamental mathematics governing free surface flows and 

capillary effects using simplified models and key equations. The analysis shows that gravity controls 

large-scale free surface flows while surface tension dominates at microscopic scales. 

Keywords: Free surface flow, capillary action, surface tension, fluid mechanics, wave motion, interface 

dynamics. 

1. Introduction 

Fluid systems often involve situations where the liquid surface is not enclosed by a solid boundary but 

instead interacts with another fluid, usually air. Such surfaces are known as free surfaces. Examples 

include ocean waves, rivers, lakes, and liquid droplets. 

The motion of free surfaces is governed by several physical forces, including gravity, pressure gradients, 

viscosity, and surface tension. These forces determine the shape of the interface and influence how the 

fluid moves. 
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In addition to free surface flows, capillary phenomena play an important role in small-scale fluid 

systems. Capillary effects arise due to surface tension, which is the force acting along the interface 

between two fluids. 

Mathematical modeling helps describe these complex interactions and allows engineers to predict the 

behavior of fluids in practical applications such as hydraulic engineering, biomedical systems, and 

microfluidics. 

2. Free Surface Flow Concept 

Free surface flow occurs when the upper boundary of a liquid is exposed to atmospheric pressure and is 

free to move. 

In such flows, gravity plays a major role in determining the shape of the surface. The pressure at the 

surface is approximately equal to atmospheric pressure. 

Fluid motion inside the liquid can be described using the continuity equation, which represents 

conservation of mass: 

 

 

where 

V = velocity vector of the fluid. 

This equation ensures that fluid mass is conserved as the fluid moves. 

3. Governing Principles of Fluid Motion 

The motion of fluids is governed by the Navier–Stokes equation, which represents conservation of 

momentum. 
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where 

ρ = fluid density 

 P = pressure 

 μ = dynamic viscosity 

 g = gravitational acceleration. 

This equation describes how velocity and pressure evolve within the fluid under the influence of various 

forces. 

In many free surface flow problems, gravity is the dominant force controlling the motion. 

4. Surface Tension and Capillary Effects 

Surface tension is a force that acts along the interface between two fluids due to molecular attraction. 

Molecules inside a liquid experience equal forces in all directions, but molecules at the surface experience 

an imbalance, producing surface tension. 

Surface tension is commonly represented by the symbol: 

 

The pressure difference across a curved surface is described by the Young–Laplace equation: 

 

 

where 

ΔP = pressure difference across the interface 

 σ = surface tension coefficient 

 R₁ and R₂ = principal radii of curvature. 

This equation explains why small droplets have higher internal pressure. 
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5. Capillary Rise in Tubes 

Capillary rise occurs when a liquid climbs upward in a narrow tube due to surface tension. 

The height of capillary rise is given by: 

 

where 

h = height of liquid rise 

 σ = surface tension 

 θ = contact angle 

 ρ = fluid density 

 g = gravitational acceleration 

 r = radius of the tube. 

This equation shows that capillary rise increases when the tube radius becomes smaller. 

Capillary action plays a major role in natural processes such as water transport in plants and soil moisture 

movement. 

6. Waves on Free Surfaces 

Free surfaces can be disturbed by wind, pressure changes, or moving objects. These disturbances 

propagate as waves. 

For small-amplitude gravity waves, the wave speed can be approximated by 

 

 

where 

c = wave speed 

 g = gravitational acceleration 
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 h = depth of the fluid. 

At very small scales, surface tension also influences wave motion. Such waves are called capillary waves. 

7. Dimensionless Numbers in Free Surface Flow 

Fluid behavior is often analyzed using dimensionless numbers that compare different physical forces. 

Reynolds Number 

 

 

This number compares inertial forces with viscous forces. 

Weber Number 

 

 

This number compares inertial forces with surface tension forces. 

Bond Number 

 

 

This number compares gravitational forces with surface tension forces. 

These parameters help determine whether gravity or surface tension dominates the flow behavior. 

8. Mathematical Description of the Free Surface 

The motion of the free surface must satisfy the kinematic condition, which ensures that fluid particles on 

the surface remain on the surface. 
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If the surface elevation is represented by 

 

 

then the surface motion satisfies 

 

 

where 

u = horizontal velocity 

 w = vertical velocity. 

This equation links the motion of the fluid to the movement of the surface. 

9. Applications 

Free surface flows and capillary phenomena appear in many engineering and natural systems. 

Important applications include: 

● River and canal flow modeling 

● Ocean wave prediction 

● Inkjet printing technology 

● Microfluidic devices 

● Oil recovery in porous media 

● Blood flow in small vessels 

● Soil water transport in agriculture. 

Understanding these phenomena helps engineers improve efficiency and design better fluid systems. 

10. Conclusion 
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Free surface flows and capillary phenomena are fundamental aspects of fluid mechanics. The behavior of 

these systems is influenced by gravity, pressure, viscosity, and surface tension. Large-scale flows such as 

rivers and ocean waves are mainly controlled by gravitational forces, while surface tension becomes 

dominant at small scales. 

Mathematical modeling provides valuable insight into these processes through equations describing fluid 

motion, surface curvature, and capillary forces. Simplified models allow scientists and engineers to predict 

flow behavior and design systems involving fluid interfaces. 

Future work in this field will involve advanced computational simulations and experimental studies to 

better understand complex free surface dynamics. 
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