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1 - INTRODUCTION :-  

L.Berwald gave the concept of Landsberg Space in his earlier paper [1] . A Landsberg space is 

characterized by Phijk = 0 in terms of cartain connection , where Phijk is the hv- curvature tensor . 

The character of the space with Phijk = 0 has not yet been sufficiently explored inspite of efforts 

of several authors. The condition Phij is equivalent to Chij10[2],[3] where Chij is the (h)hv- torsion 

tensor , such a space of two dimensions was first considered by G.Landsberg [4] , so  that we 

call such a space of general dimension as a landsberg space following A.Moor[9]. 

          The purpose of present paper is to contribute a little to the theory of 

Landsberg space in a three dimensional Finsler space. A brief introduction of three dimensional 

Finsler space has been given in a section 2 of the present paper and the main result are stated in 

theorem 3.1 and 4.4 . In the last section we have considered on from Finsler metric in a three 

dimensional landsberg space and find out the relation between v- connection vectors and main 

scalars. 

2 – THREE DIMENSIONAL FINSLER SPACE :- 

  In this section we give the fundamental formulas of three dimensional Finsler Space . 

Matsumato [5] developed theory of 3 dimensional Finsler space with respect to the orthogonal 

frame eα>i , 

←α = 1 ,2, 3 where  

e1>
i = L-1yi = li                                                    e2>I  =mi = C-1Ci where C is the length of the torsion Ci . 

The third vector e3>i is given by e3>i = ni = eijk  e1>
j  e2>

k . 

The (h) hv torsion tensor Cijk  are written as  

(2.1) LCijk = Cαβϒ eα>ieβ>j eϒ>k  

(2.2) C1αβ = 0 
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    C222 = H         C223 = I 

and C333 = -C233 = J 

which imply 

(2.3) H +I = LC 

The v-covariant derivative of the tensor eα>
i are given by  

(2.4) ei
α>IjL = δ0α δj

i - eα>j
i + δ123

1αβ eβ>
 i Vj 

Where Vj are the components of the v – connenction vector . 

The scalar component Tαβϒ of a tensor Tjk
i are defined by 

(2.5) Tαβϒ = Tjk
i eα>i eβ>

j  eϒ>
k 

The scalar component Tαβ:ϒ  of Ti
j|kL are written in the form 

(2.6) Tαβiϒ = L.d/dyk.Tαβ e ϒ >
k + TμβVμ>αϒ + Tαμ Vμ>βϒ 

Where Vα>βϒ are such that 

(2.7) Vα>βϒ = -Vβ>αϒ   , V1>Βϒ = δβϒ – δ1βδ1ϒ and V2>3ϒ = Vϒ 

 Thus the v- covariant derivatives of Tj
i are given by  

(2.8) Ti
jlkL = Tαβ:ϒ eα>

i  eβ>j eϒ>k  

Since yi = LdL/dyiL , in virtue of (2.1) and (2.8) we obtain 

(2.9) L2Chijlk + LChij e1>k = Cαβϒ:δ eα>h eβ>I eϒ>j eδ>k 

From (2.2) , (2.4 ) , (2.6 ) , and (2.7) we find  

 C1βϒ;δ  =  -Cβϒδ 

 C222;δ  =  H;δ + 3JVδ 

 C223;δ  = -J;δ + (H-2I)Vδ 



International Journal in IT & Engineering (IJITE) 

Volume 14 Issue 02 , Feb  2026 ISSN: 2321-1776 Impact Factor: 8.341 

Journal Homepage: http://ijmr.net.in, Email: irjmss@gmail.com         

Double-Blind Peer Reviewed Refereed Open Access International Journal  

 

3 International Journal in Management and Social Science 

http://ijmr.net.in, Email: irjmss@gmail.com 

 

 C233;δ  =  I;δ + 3JVδ 

 C333;δ  =  J;δ + 3IVδ 

Where , H;δ = L . ԃH/ԃyi . ei
δ> similarly I;δ and J;δ 

The v-connection vectors also satisfy the following relations :- 

(2.11)  (a) (H – 2I)V2 – 3JV3 = J;2  + H;3 

 (b) 3JV2 + (H - 2I)V3 = I;2 + J;3 

  ( c) 3IV2 + 3JV3 = -J;2 + I;3 

3  THE h -CURVATURE TENSOR OF LANDSBERG SPACE – 

It is well known that the h-curvature tensor Rhijk are expressed as 

(3.1) Rhijk = Rabeahiebjk where we put  

(3.2) Rab = ¼.Rhijk e
hiaejkb and e-tensor eijk = √g .δ123

ijk 

Let us denote by Rαβ the adapted components of the tensor Rab then we have  

(3.3) Rab = Rαβ e
a
α>eb

β> 

If Rαβϒδ be the components of Rhijk , it is equivalent that  

(3.4) Rhijk = Rαβϒδ eα>h eβ>i eϒ>j eδ>k 

  It follows from (3.1) that 

(3.5 ) Rαβ ϒδ  = Rσμεσαβεµϒδ 

If we denote by Rβϒδ the adapted components of the (v)h-torsion tensor LRijk , then from (2.5) 

we have  

(3.6) Rβϒδ = Rσµεσ1βε µϒδ 

because L-1Rijk = e1>
hRhijk 
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since the adapted components of Rjk|i
h.L  is Rαϒδ;β 

therefore we have  

(3.7) Rh
jk|I .L = Rαϒδ;β eα>

h eβ>ieϒ>j eδ>k 

One of the Bianchi identities with respect to Cartain connection is  

(3.8) Ֆ(j,k) {Rj
h

tCki
t + Pj

h
t Pk

t
i + P h

 ki
 
|j} + Rh

jk|i – Rh
ijk = 0 

Where Ֆ(jk) {…} stands for interchanging in j and k and substracting . 

Now we assume that F3 is a three dimensional Landsberg space , then we have  

(3.9) Phijk = 0 

  Which implies P0ijk = Pijk = 0 

Therefore Bianchi identity (3.8) reduces to  

(3.10) Ֆ(jk){Rjt
hCki

t} + Rh
jk|i – Rh

ijk = 0 

From the equation (2.1) and (3.7) , the above identity reduces to 

[Ֆ(ϒδ) {RαϒՓCՓβδ} + Rαϒδ;β + Rαϒδ δ1β - Rβαϒδ]eα>
h eβ>I eϒ>j eδ>k = 0 

Which in view of (3.5) and (3.6) written as  

(3.11) Ֆ(ϒδ) {Rσμεσ1α εμϒՓ CՓβδ } +Rσμ;β εσ1α εμϒδ + Rσμεσ1αεμϒδ  

δ0β - Rσμεσβαεμϒδ = 0 

The identity (3.11) is equivalent to 

(3.12)  R11 = R12 = R13 = 0 

 R21 = R22 = R23 = 0 

 R31 = R32 = R33 = 0 

In view of (3.4) and,(3.5) and (3.12) we have  
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Rhijk = 0 

Consquently we have an important theorem. 

THEOREM 3 :- Let F3 be a three dimensional non Riemannian Landsberg space , then F3 is flat 

i.e h-curvature tensor Rhijk = 0. 

4. LANDSBERG SPACE WITH 1-FORM METRIC – 

We shall consider a three dimensional Finsler space F3 with the fundamental fuctional L = 

L(aα)([6],[7]), aα = aα
i(x)yi , where L(aα) is (1)p-homogeneous in aα(α=1,2,3) and aα

i(x) dxi are 

linearly independent differential 1-forms , that is a det.(ai
α) ≠ 0. The Finsler metric L = L(aα), aα= 

aα
i(x)yi is called a 1 form Finsler metric and the Finsler space F3 is a 1-form Finsler space in three 

dimensional Finsler space. 

We denote C1 = (Γi
jk , Γ

i
oj ,C

i
jk) the 1- form cartan connenction [6]. 

Let CΓ = ( Fi
jk ,F

i
oj , C

i
jk ) be the Cartan connection of the F3 , then the difference tensor Di

jk = Fi
jk 

– Γi
jk of CΓ from C1 [6] is given by  

(4.1) Dijk = -Aijk + Ci
ϒ

j.Aϒk + Cj
ϒ

k.Aϒi  - Ck
ϒ

i.Aϒj 

Where we put  

(4.2) (a) Ajk = Aojk - Cj
ϒ

kAoϒo 

where Aojk = Ahjky
h

 i.e o denotes the contraction by yi 

(b) 2Aijk = Tijk – Tjki + Tkij 

And Tijk = gϒj.Tik
ϒ                      Tj

i
k is (h)h- torsion tensor. 

A Finsler space Fn with 1 form metric is a Landsberg space if and only if [8] . 

(4.3) Ci
ϒ

j/hAro + Ֆ(hij) {Ci
ϒ

j.Ahϒ0} =  0 

Where Ֆ(hij){…} stands for cyclic permutation h,I,j and summation. 

We shall restrict our discussion to a three dimensional Finsler space F3 with 1-form metric. 
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We denote Tβϒδ , the adopted components of Tijk ,then we have 

(4.4) Tijk = Tβϒδeβ>ieϒ>jeδ>k 

Then the euation (4.2) (b) may be written as  

(4.5) Aijk = ½L(Tβϒδ - Tϒδβ + Tδβϒ)eβ>ieϒ>jeδ>k 

The contraction with yi equation (4.5) yields  

(4.6) Aojk = 1/2(L)(T1ϒδ - Tϒδ1 + Tδ1ϒ)eϒ>jeδ>k 

Again contraction with yk , above equation gives  

(4.7) Aojo = 1/2L2T11ϒeϒ>j 

Substuting (2.1),(4.6),(4.7) in  the equation (4.2)(a) we obtain 

(4.8) Ajk = {1/2L(T1ϒδ - Tϒδ1 + Tδ1ϒ) - CϒδoLT11ϒ}eϒ>jeδ>k 

contracting the equation (4.5) and (4.8) by yk respectively we have 

(4.9) Aijo = 1/2(Tβϒ1 - Tϒ1β + T1βϒ)eβ>ieϒ>j 

(4.10) Ajo = L2T11ϒeϒ>j 

Let CβϒՓ;α be the adapted component of LCij
ϒ

/h ,then we have as (2.9) . 

(4.11) Ci
ϒ

j|h = L-2(CβϒՓ;α - CβϒՓδ1α)eα>heβ>i eϒ>j eՓ>
ϒ 

From (2.1),(4.9),(4.10) equation (4.3) gives  

(4.12) [(CβϒՓ;α - CβϒՓδ1α)T11Փ + Ֆ(αβϒ){1/2CβϒՓ(TαՓ1 - TՓ1α + T1αՓ)}]eα>heβ>ieϒ>j = 0 

In view of (2.2) and(2.10), the equation (4.12) may be written as  

(4.13) (i) (H;2 +3JV2)T112 + {-Ji2 + (H-2I)V2}.T113 -3JT, = 0 

           (ii) {-Ji2 +(H-2I)V2}T112 + (I;2-3JV2)T113 – (H-2I)T, = 0 

          (iii) (I;2 – 3JV2)T112 + (J;2 + 3IV2 )T113 + 3JT,= 0 
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          (iv) (H;3 + 3JV3)T112 + {-J;3 +(H-2I)V3}T113 – (H-2I)T, = 0 

          (v) {-J;3 + (H-2I)V3}T112 + (I;3 – 3JV3)T113 + 3JT, = 0 

          (vi) (I;3 – 3JV3)T112 +(J;3+3IV3)T113 -3IT, = 0 

Where we have put T,=1/2(T231 – T312 + T123) 

In view of(2.11), it follows that equations (ii) and (iv) equation (iii) and (v) of (4.13) are 

equivalent . Hence there are only four independent equations in three unknowns T112 , T113 , T
1 . 

          Further more , the addition of (4.13)(ii) and (4.13)(vi) , and use of (2.11)(c) give the 

equation . 

(4.14) V2T112 + V3T113 – T1 = 0 

Adding (4.13)(i) and (4.13)(iii) and using the equation (2.3) we obtain  

(4.15) C;2T112 + CV2T113 = 0 

If the scalar components of Ti
h
j has non vanishing components T112 , T113 and T, , then eliminating 

them from (4.13)(vi) ,(4.14) and (4.15) , we get 

     I;3 -3JV3                J;3 + 3IV3                    -3I 

                     V2    V3         -1 = 0 

                    C;2                       CV2    0 

THEOREM 4.1 -  A three dimensional Finsler space F3 with 1-form metric is a Landsberg space 

if and only if T112 , T113 and T1 vanishes. 

           REFERENCES 

   [1] Berwald,L. :Parralleliibertrangang in algemrinen Raiimen. Atti Conger. Bologna 4 

(1928)263-270. 

  [2] Berwald,L. : On Finsler and Cartan geometrices III . Two dimensional Finsler spaces with 

rectilinear extremals . Ann. Of Math , (2) 42(1941) , 84-112 . 



International Journal in IT & Engineering (IJITE) 

Volume 14 Issue 02 , Feb  2026 ISSN: 2321-1776 Impact Factor: 8.341 

Journal Homepage: http://ijmr.net.in, Email: irjmss@gmail.com         

Double-Blind Peer Reviewed Refereed Open Access International Journal  

 

8 International Journal in Management and Social Science 

http://ijmr.net.in, Email: irjmss@gmail.com 

 

 [3] Berwald,L. : iiber die Bezichugen zwichen den Theorien der paralleliiber trangung in Finsler 

schen Raiimen . 

Nederl , Aked Wetensch , Proc.A.49 (1946).642-647. 

[4] Landsberg , G;iiber dei Kriimmung . In der variationsrechnung.  

Math .Ann.65 (1908) : 313-349. 

[5] Matsumoto,M: A theory of three dimensional Finsler spaces n terms of scalars , 

Demonst.Math.Warszawa, 6(1973),223-251. 

[6] Matsumato , M . : On Finsler space with 1-form metric I, Tensor ,&Shimada,H. ibid , 

32(1978) , 161-169. 

[7] Matsumoto ,M: The main scalars of two dimensional Finsler space with special metric , 

J.Math =.Kyoto.Univ (JMJYAZ)32 – 4(1992) ,889 -898. 

[8] Moor,A : iiber die Torsions –und Krummungsinvarian tender driedimensionale Finsler schen 

Raume.Math. 

 Nachr.16(1957) , 85-99 . 

  

 

 

 

 

 


