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Abstract: In this paper, the global asymptotic behavior of the following rational difference
equation

r"—pyn_'_yn—k n=012

yn+1 =
qyn + yn—k

is investigated, where the parameters p,q,r €(0,0), and the initial conditions y ,,---,y , are
positive real numbers and vy, is a positive real number.

Keywords: Locally stability; Rational difference equation; Global attractivity; Global
asymptotical stability.

1. Introduction

Consider the following rational difference equation

yn+1zm’n=011!2!”'l (11)
qyn+yn—k

where the parameters p,q, r are positive real numbers and the initial conditions
Y. Y, €[0,00) andy, € (0,).

For the equation

TPtV 012 (1.2)
qyn+yn—1

n+1

M. R. S. Kulenovic and G. Ladas in their monograph [2, Bg,] presented the following
problem.

Conjecture 10.5.2
Assume that p,q,r €(0,0).Then the following statements are true for Eq.(1.1).
(a) Local Stability of the positive equilibrium implies global stability.

(b) When Eq.(1.1) has no prime period-two solution, the equilibrium ¥ is globally
asymptotically stable.
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(c) When Eq.(1.1) possesses a period-two solution, the equilibrium y is a saddle point.

(d) The period-two solution of Eq.(1.1),when it exists, is locally asymptotically stable, but not
globally.

Motivated by the above conjecture, more generally, our main aim in this paper is to
investigate the local stability and the global attractivity of the equilibrium y of Eq.(1.1).

Here, for the sake of convenience, we now give some corresponding definitions, also review
some known lemmas which will be useful in the sequel.

Consider the different equation

X+1:F(Xn,Xn—l"”’Xn—k)’n20’11”" (13)
where is a positive integer, and the function F(u,,u,,---,u,) has continuous partial
derivatives.

A point X is called an equilibrium of Eq.(1.3), if

x|

=F(X,X, -, X).
That is x, =X for n>0 is a solution of Eq.(1.3) or equivalently, X is a fixed point of F.

The linearized equation associated with Eq.(1.3) about the equilibrium point X is

k
Zﬁii SX)X . n=0,1---.

= ou.
Its characteristic equation is
X oF
A=Y (X,X,---,X)A"" n=0,1,
i OU;

In the following, we present some Lemmas, which will be used in the sequel.

Lemma A[1]. Assume that «, S <{0,1,2,---}. Then
|| +] BI<1 (1.4)
is a sufficient condition for the asymptotic stability of the difference equation
Xpyg —OX, + X, =0,n=012,---, (1.5)

Suppose in addition that one of the following two cases holds:
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(@) kisoddand £ <0;
(b) kiisevenand af<0;
Then (1.4) is also a necessary condition for the asymptotic stability of Eq.(1.5).

Lemma B[1]. Let H €[[0,),(0,o0)] be a nonincreasing function and let X denote the
(unique) fixed point of H. Then the following statements are equivalent:

(a) X is the only fixed point of H? € (0,);
(b) X is a global attractor of all positive solution of the equation
X, =H(x),n=012,--, (1.6)
with x, €[0, x0).
Lemma C[1]. Consider the difference equation

Xor = X0 FOX X0 X0 ), n=012,--+, (1.7)

where k(i =1,2,---r) are positive integers. Denote by k the maximum of k,---,k, . Also,
assume that the function f satisfies the following hypotheses:

(H1) f eCJ[0,%0)x[0,)",(0,0)] and g €[[0,)™, (0, )], where

g(uy,uy,---,u,) =u, f (u,,u,---,u.)for u, € (0,0) and u,,---,u, €[0,), and

g(0,u;,--+,u.) = [im9 WUg, Uy, -+, U, );

Ly 50"
(H2) f(u,,uy,---,u,) is nonincreasing in u,,---,u, ;
(H3) The equation f(x,x,---,X) has a unique positive solutionX ;
(H4) Either the function f (u,,u,,---,u,) does not depend on u,or for every x>0 and u>0,
[f(x,uu,---,u)—f(X,u,u,---,u)](x—X) <0
with

[f(XX,X,--,X)—F(X,X,X,---,X)](x—X) <0 for x=#X.
Now, define a new function:

. max, . G(x,y) for0 < x <X,
(0= min_... G(x, y) forx > X,

X<y<x
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where

G(x,Y) = YF (¥, %, %) F (X, X, K W)L F (X, %o, )] (1.8)
Then
(@) F eCJ(0,x),(0,o0)] and F is nonincreasing in (0, ).

(b) Assume that F has no periodic points of prime period two. Then X is a global attractor of
all positive solutions of Eq.(1.7).\

Lemma D[1]. Let F, H € C[(0,0),(0,00)] be nonincreasing functions in F, H (0,,0) be such
that

FX)=H(X)=X,
and
[H(X)—F(X)](x—X) <0 for x>0.

Assume that X is the only fixed point of H?in (0,0) . Then X is also the only fixed point of
FZin (0,00).

Lemma E[1]. Consider the difference equation
Yo = F(Yos Yoisn=01---, (1.9)

where k e{L,2,--}, let 1I=[a,b] be some interval of real numbers and assume that

f :[a,b]x[a,b] —[a,b]
is a continuous function satisfying the following properties:
(a) f(x,y) is nonincreasing in each of its arguments;
(b) If (m,M) €[a,b]x[a,b]is a solution of the system

f(mm)=M and f(M,M)=m,

then m=M.

Then Eq.(1.9) has a unique positive equilibrium y and every solution of Eq.(1.9) converges to

y.
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Lemma F[1]. Let I =[a,b] be an invariant interval under a continuous function G(x, y)
which is nonincreasing in x for each y e I and nondecreasing in y for each x e | . Assume
that y € | is a unique equilibrium point of the equation

yn+1:G(yn,yn,k),HZO,l--u (*)
If the system

x=G(y,x)and y=G(X,Y) (1.10)
Has exactly one solution in 1%, then ¥ is a global attractor with basin 1°.

2. Boundness and Persistence

In this section, we will consider the boundedness and persistence of Eq.(1.1). We have the
following result.

Lemma 2.1 Assume that p,q,r € (0,) with p<q, then every positive solution of Eq.(1.1) is
bounded and persists.

Proof. Let{y,},_ , be an arbitrary positive solution of Eq.(1.1). Then, it follows from
Eq.(1.1) that

p p
PYot— Yok M+¥ou——Yox
yn+1:r+pyn+yn—k= q + q >£,n20
qyn + ynfk qyn + ynfk qyn + ynfk q

and for n>2,

L T A 7 PP SRNPTN i I
qyn + yn—k qyn + yn—k (q _|_1) B p(q +l)
q

n+l

This complete the proof.
3. Local stability and Global stability

In this section, we will consider the global asymptotic stability of Eq.(1.1) where
p,q,r € (0,0), the initial conditions

YooY, €[0,00) and vy, e(0,x). (3.1)

Eq.(1.1) has the unique positive equilibrium y given by
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p +1+\/’(p +1)? +4r(g+1)
2(q+1) '

y=

The liberalized equation associated with equation Eq.(1.1) about y is

y (q+1) y (g+1)

and its characteristic equation is

ﬂk+l _ y(_F:_—Q) _qu ﬂk + yff_q)_gr =0.
y (q+1) ¥y (q+1)

From this and by lemma A, we have the following result.
Theorem 3.1 Assume that p,q,r € (0,o0) and the initial conditions

Y. Y, €[0,0) and y, € (0,0). (3.2)
Hold. Then the following results are true.

(D) If (@-p)y+ar=0,(p—aq)y+r=0 and r <y(q+1),
then the unique positive equilibrium y of Eq.(1.1) is locally asymptotically stable

(2) If (q-p)y+r<0and 2(q- p)y +(a-Dr < y*(q+1)*,
then the unique positive equilibrium y of Eq.(1.1) is locally asymptotically stable

(3) If (- p)y+ar<0 and 2(q-p)y-(a-Yr<y*(a+1)*,
then the unique positive equilibrium y of Eq.(1.1) is locally asymptotically stable

(4) If (@-p)y+r<0and 2(q-p)y-(a-Dr<y*(a+1)°,
then the unique positive equilibrium y of Eq.(1.1) is unstable

Theorem 3.2 Assume that p,q,r € (0,00). Then the unique positive equilibrium y of
Eq.(1.1) is a global attractor provided that one of the following conditions is satisfied:

i) p>q;
i) 1< p<q.

Proof. First, we consider the case i) p > g. Then Eq.(1.1) can be rewritten as follows:
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p+r+yn—k

yn+l:yn—yk'
qyn+yn—k

Set
e
u
f(Ug,u,) =————— and g(uy,u,) =u,f(ug,u,)
0+uk

It is easy to verify that the function f satisfy the hypotheses of (H1)-(H4) of Lemma C.
Furthermore the function G, which is defined by (1.6) takes the form

1r+y+ pz r+z+py, r+y+py ...
G(y,Z)Z: y p - py[ )_/py]kl
y Qz+y Qqytz qyty

Next, we will construct the function F defined by(1.6). Since

g%r+y+pzr+2+pv):(p—my7+qN2—7)+dy—D+%q—pﬂz
dz° gz+y qy+z (gz+y)*(ay +2)° '

Case(1) (p—q)yy+ar(z—y)+r(y—z)+(q—p)z*=0.
Then the function

pZ+r+y
qz+y

is nondecreasing in z and so

axr+y+ pz r+z+ py_r+y+ py I’-I—)_/—I— p)_/
sy qz+y QY+ Qy+y qy+y

Also

min r+y+pzr+z+ py_r+y+ py r+y+py
Y Qzby  qy+z Qy+y Qy+Y

Hence the function F is given by

V . Ir+y+py
_py[ y py]N’

1r+y
F(y)==122 J
y y qy +y

_+_
ay +

In order to apply Lemma D to show that ¥ is the only fixed point of F? in (0,). Let
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r+y+ py[r+y+ pV]N
Qy+y — ay+y

H(y)=<
y

where N=n+k, n is a sufficiently large positive integer. From this we know that the function
H (y) € C[(0,), (0,0)] is strictly decreasing in (0,o0),and H(y)=F(y) =Y.

Let L=H(M) and M>0 is the fixed point of H?(y), that is to say, H>*(M) =M. Then

1r+V+py r+vV+py

ay+y qy +L
and
H(M) ==Y LY P4V BY gy
y qgy+y qy +M
hence
1 1
L N M[——]V
[q37+L:I [q)_/+M:I
Let
1
R(x) =x[——]" for x € (0,:).
qy + X
Then
. 1 N
R(X)=[—T1I" (-—).
qy +X qy

Since N is a sufficiently large positive integer, then for any x € (0,) , we can obtain a
sufficiently large positive integer N, such that

a-Ny<o,
qy

Thus the function R(X) is strictly decreasing for x € (0,00) and M=L. So ¥ is the unique fixed
point of H?(y) in y e (0,o).

For y>0 we know that
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[H(y) - FI(y—y) = = VPV T Y+ Y T4 Y+ DYy gy,
y qy+y qy +y qy +y

L lr+y+py, r+y+py e an-
= (y-y)p = YRV TEYE B e (r eyt py) o (r + y + py)™
y qy+Y = ay+y
+(r+y+py)" 2 (ay + y)+---+(ay + y)" <0.

By Lemma D, ¥ is also the only fixed point of F? in (0,00). By LemmaC, Then ¥y is a
global attractor of all positive solutions of Eq.(1.1).

Case(2) (p—a)yy+qr(z—y)+r(y—z)+(q-p)z* <O0.
So the function

pZ+r+y
qz+y

is decreasing and

axr+y+ pzr+z+ py_r+y+ py r+y+py
Y Gz+y  ay+z Qy+y Qy+Y

Also

min Py PZr+z+ Py r+y+pyr+y+py
Y qz4y  Qy+z o Qy+y qy+y

Hence the function F is given by

r+y+py.r+y+py
F(y)= 2RI B g
y ay+y ay +y

Let

r+y-+py.r+y+py

y ay+y = ay+y

where N =n+k, n is a sufficiently large positive integer. From this we know that the
function H(y) € C[(0,), (0,0)] is strictly decreasing in(0,.0), and H(y) = f(y)=Y.

By a similar way to above, we can obtain that in this case y is a global attractor of all positive
solutions of Eq.(1.1).

We then study the case ii)1<p < g. From Theorem 2.1 we see that every solution {y .}, , of
Eq.(1.1) is bounded and persists when p<q. Hence
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A=liminf and u=limsup, ..Y,,

n—o yn

exist and are finite. So, for any positive number &, there exists a positive integer N, such
that

A—g<y,<u+e for n=N,.

r+py+z is
qQy+z

And moreover, at this time, the function

decreasing in y for y,z e (0,0)*. According to Eq.(1.1), one has, for n> N, +1,

r+p(u+g)+l—g< _r+pyn+yn_k<r+p(/1—g)+y+g
Qu+e)+u+e T Ay +Y (A-g)+i-e

There out, one can derive

r+plu+e)+i-c¢ <i<u< r+ p(/l—g)—l—,u—l—g.
qQu+ée)+u+e (A-&)+A1-¢

In view of the arbitrary nature of ¢, one has

FHPutA gy THPA R
Qu+u T gd+4

This indicates
r+pu+A<(@Q+DAu<r+ pA+u

So, (p—D)u<(p—1A.. Noticing 1<p, we have u < A.. Again, x> A.. Therefore, A=y = p..

The proof is over. For the global attractivity of the positive equilibrium point of Eq.(1.1), we
also have the following results.

Theorem 3.3 Assume that p,q,r € (0,0). Then the unique positive equilibrium y of Eq.(1.1)
is a global attractor provided that one of the following conditions is satisfied:

r
q-p

i) p<gand <

o |o

. r qr .
i) p<gand >1+ :
qa-p p(q+1)

r
q-p

<—=:. From Theorem 2.1, we

Proof. We first consider the case i) p<q and

o |o
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know | = (£,1+L) is an invariant interval. At this time, we set
p(a+1)
r+pu+v

f,(u,v)=
qu+v

One can see the function f, is nonincreasing in x and nondecreasing in y. Eq.(1.1)can be
written into

r—+ +
yn+1 = fl(yn7 ynfk) =Min =0111"'-

qyn + yn—k
Then the system
r+py+Xx
x=f,(y,x) =PV X
py + X
and
r+ px+
y=nmw:—£—l
pxX+Yy

has only one solution y=x.

So, by Lemma F, we see that the unique positive equilibrium of Eq.(1.1), then ¥ is a global
attractor.

We now consider Case ii). p < g and P . We know | = (£,1+ ar ) is
a-p p(q+1) q p(q+1)

an invariant interval. Set

r+pu+v

f,(u,v) =
qu+Vv

One can see the function f, is decreasing in both variables. From f,(m,m)=M.and
f,(M,M)=m., ie,

r+ pm+m:|vI
gm+m
and
r+-pM+M
—:m’
gM +M
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we have m=M. So, all of the conditions in Lemma E are satisfied. Accordingly, in view of
Lemma E, Eq.(1.1) has a unique positive equilibrium y, and every solution of Eq.(1.1)
converges to y.The proof is complete for case ii).
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